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A BSTRACT
Recent work has shown that deep neural networks are vulnerable to imperceptible,
adversarial perturbations of their input. Subsequent progress in the area of adversarial robustness has led to reliable defense mechanisms against concrete classes
of adversaries. While these developments constituted an important step, the overall picture of adversarial robustness turns out to be far from complete. Specifically,
we provide evidence that precisely defining the set of attacks we wish classifiers
to be robust against is a crucial issue. To this end, we show that very natural transformations such as rotations and translations alone, can be used to completely fool
image classification models, even when the latter are robust against the canonical
`∞ -bounded adversary. This emphasizes that deciding on a specific class of allowed input perturbations is a critical design choice. It can have significant impact
and requires further exploration and understanding.
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I NTRODUCTION

Deep neural network have become widely used for a variety of tasks in computer vision [14, 11],
speech recognition [9], and text analysis [6]. However, machine learning systems cannot be part of
security-critical applications until their performance is reliable and well-understood. A significant
obstacle, in this context, is the existence of adversarial examples [17, 8], i.e., inputs that are almost
indistinguishable from natural data for a human, yet cause state-of-the-art classifiers to give wrong
predictions with high confidence. The existence of such inputs, as well as the fact that they can
be easily and reliably produced, raises important security concerns about the reliability of neural
networks. Additionally, it contradicts the folklore belief that deep neural networks achieve truly
human-level performance on some tasks.
There is now a long line of work on developing defenses against adversarial examples [16, 20, 7,
19, 10]. However, most of the proposed mechanisms were subsequently shown to be vulnerable to
more sophisticated attacks [3, 12, 5]. Recently, it has been demonstrated [15, 2] that adversarial
training against a sufficiently strong adversary increases the robustness of neural network classifiers
to concrete families of adversaries. This demonstrates that once the adversary is restricted to a wellspecified class of attacks, one can develop principled defenses against them. Inevitably, as long as
the right notion of input similarity is unclear, it is essentially impossible to argue that a model is
truly secure (even for a well-defined test set of benign inputs).
A major challenge in this context is thus to precisely define what it means for an adversarial input
to be visually similar to a benign input. In the context of image classification, the main notions of
similarity studied so far are pixel-based distances with respect to an `p -norm. If two images are
close in an `p -norm, they are usually visually similar as well. However, the contrapositive does not
always hold. There exist simple image transformations that lead to a modified image that is far from
the original image in all `p -norms, yet arguably very similar to it from a human perspective. This
raises a fundamental question:
What is a more comprehensive notion of visual similarity for adversarial examples?
In this work, we address this question by studying two fundamental image transformations: translations and rotations. While appearing natural to a human, we show that these transformations can still
cause neural networks to misclassify the resulting images, without any `p -bounded perturbation.
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Our starting point is the MNIST model of Madry et al. [15], which was shown to be robust against
a range of adversaries constrained to small perturbations in `∞ - or `2 -norm. We show that small
rotations and translations alone can cause that model to perform wrong predictions on the entirety
of the test set. We then investigate this phenomenon further by examining networks trained on
random rotations and translations. We also consider the performance of an adversary that utilizes
simple transformations combined with small `∞ -bounded perturbations. In summary, we show that:
• A simple attack based purely on rotations and translations is very effective against neural
network classifiers, even when they have been trained against `p -bounded adversaries.
• Augmenting the dataset with random transformations does increase its robustness, but does
not completely alleviate the issue.
• Combining rotations and translations with small `∞ -bounded changes provides the adversary with disproportionately more power than when using only one of these attacks.
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A DVERSARIAL ROTATIONS AND T RANSLATIONS

Formally, a classification problem consists of an input distribution with labeled examples (in the
case of MNIST, images of handwritten digits and their true label). A classifier C is a function that
receives an input x and predicts a label C(x). Assuming that the true label of x is y, we consider x0
to be an adversarial example for x if C(x) = y, C(x0 ) 6= y, and x0 is “visually similar” to x. The
precise notion of visual similarity is notoriously hard to define, and most previous work considered
x and x0 close if kx − x0 kp ≤ ε for some p ∈ [1, ∞] and ε small enough.
Our goal is to examine whether these notions of similarity are complete from the point of view of
adversarial training. That is, if a classifier is trained to be robust against adversaries constrained in
some `p -norm, is the classifier also robust against other natural transformations of the input images?
Here, we will focus on the simplest spatial transformations, namely translations and rotations.
By far the most successful approach for constructing adversarial examples has been the use of an
optimization method on a suitable loss function [17, 8, 4]. Following this approach, we parametrize
our attack method with a set of tunable parameters and then optimize over these parameters. We
perform this optimization in two distinct ways:
• Projected Gradient Descent (PGD): Starting from a random choice of parameters, we
iteratively take local steps in the direction that maximizes the loss of the classifier (as a
surrogate for misclassification probability). Note that unlike the `p -norm case, we are not
optimizing in the pixel space but in the latent space of rotation and translation parameters.
• Grid Search: We first discretize the parameter space and then exhaustively examine every
possible parametrization of the attack to find a parametrization that causes the classifier
to give a wrong prediction (if such a parametrization exists). Since our parameter space
is small enough, this method is computationally feasible (in contrast to a grid search for
`p -based adversaries).
It remains to define the class of attacks we optimize over. For the case of rotation and translation
attacks, we wish to find parameters (δu, δv, θ) such that rotating the original image θ degrees around
the center and then translating it by (δu, δv) pixels causes the classifier to make a wrong prediction.
Formally, the pixel at position (u, v) is moved to the following position (assuming the point (0, 0)
is the center of the image):
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We implement this transformation in a differentiable manner using the spatial transformer blocks
of [13], which include a differentiable bilinear interpolation routine.
Since our loss function is differentiable with respect to the input and the transformation is in turn
differentiable with respect to its parameters, we can apply a first-order optimization method to (locally) optimize for the worst-case transformation of the input. By defining the spatial transformation
for some x as T (x; δu, δv, θ), we construct an adversarial perturbation for x by solving the problem
max L(x0 , y), where x0 = T (x; δu, δv, θ) ,
(1)
δu,δv,θ
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L is the loss function of the neural network1 , and y is the correct label for example x. Since this is
a non-concave maximization problem, there are no guarantees for the quality of our solution.
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E XPERIMENTS

We evaluate the effectiveness of our attack by applying it on the MNIST models of Madry et al. [15].
They provide both a naturally trained model, as well as a model that has been adversarially trained
against an `∞ -bounded adversary with ε = 0.3.2 The adversarially trained model has been shown to
be highly robust (∼ 89% accuracy) against a wide range of white-box attacks. We attack the model
without the `∞ -norm constraint while ensuring that our attacks are visually similar to natural inputs.
In order to ensure that the perturbed images are not heavily distorted, we restrict our rotations and
translations to a maximum of 30 degrees and 3 pixels per dimension, respectively. We visualize a
random subset of successful attacks in Figure 2 of Appendix A. Our attacks are generated by solving
the optimization problem of Equation 1 using 200 steps of PGD with a step size of 0.01. In order
to reliably compare against the best possible attack, we perform an exhaustive grid search with a
spacing of 1 pixel for translations and 100 equally distanced values in the [−30, 30] degree interval.
The results of our experiments are shown in the first two rows of Table 1. We also report the accuracy
of the classifiers when the perturbations are chosen uniformly at random from the allowed interval.
Natural

Random

PGD

Grid Search

Naturally Trained

99.17%

81.88%

63.78%

0.01%

Adversarially Trained

98.40%

81.33%

73.61%

0.00%

Model A (±3, ±30)

99.28%

99.09%

96.97%

86.21%

Model B (±4, ±40)

99.12%

99.10%

96.98%

92.18%

Table 1: Accuracy of different models against adversaries that only use rotations and translations.
The allowed transformations are ±3 pixels translation and ±30 degrees rotation. The attack parameters are chosen through random sampling, projected gradient descent, or grid search (we also include
the original accuracy). The models are the naturally and adversarially trained models of Madry et
al. (first two rows) and the natural model trained using data augmentations with random rotations
and translations (±3 pixels, ±30 degrees for model A and ±4 pixels, ±40 degrees for model B).
Despite the high accuracy of the models on natural examples and their reasonable performance on
random perturbations, a grid search adversary can find an adversarial examples for (almost) every
image in the test set for both classifiers. Our first order attack, despite being successful for a considerable number of examples (better than random) is not close to the ground truth. We conjecture
that this is due to the problem being so low-dimensional that the non-concavity of the objective is a
significant barrier. This is in contrast to the observations of [15] for pixel-based optimization where
PGD is able to reliable find (almost) worst-case examples. We plan to further investigate this issue
using more powerful first order adversaries.
3.1

DATA AUGMENTATION

Since the network was not trained on rotations and translations of the training set, a natural question
is whether this is the sole reason for its poor performance. We explore this issue by training two
additional networks using data augmentation for rotations and translations. For each training example, we translate it by a random value in each direction and rotate it by another random value before
training the classifier on it. In the following, let model A be a model trained with translations and
rotations chosen uniformly at random from [−3, 3] pixels and [−30, 30] degrees respectively. Similarly, let model B be a model trained with translations in [−4, 4] and rotations in [−40, 40]. We use
the same set of attacks as before (±3, ±30). Note that model B has been trained on transformations
of larger magnitude than those that appear during the evaluation. We repeat our attack experiments
1
The loss L of the classifier is a function from images to real numbers that expresses the performance of the
network on the particular examples x (e.g., the cross-entropy between predicted and correct distributions).
2
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on these two networks and report our results in the last two rows of Table 1. We show some of
the successful perturbations in Figure 3 of Appendix A. The addition of rotations and translations
greatly improves both the random and adversarial accuracy of the classifier. Despite its good performance on these examples, we are still able to find transformations that fool the network on a sizeable
portion of the test set (especially considering the simplicity of the task).
3.2

C OMBINATION WITH AN `∞ - BOUNDED A DVERSARY

Motivated by the fact that data augmentation provides a significant boost in the robustness of the
classifier, we added an `∞ -based adversarial training procedure on top of it. We found that even
for small values of ε (say 0.1), the network did not learn any meaningful classifier. This behavior
indicates that the `∞ -bounded adversary is significantly more powerful when combined with random
rotations and translations. We investigate this phenomenon further by examining how different
networks perform against `∞ -bounded adversaries of different ε in the following regimes: standard
`∞ -bounded attack, random rotation and translation followed by the `∞ -bounded attack, grid search
for the worst translation and rotation example, followed by `∞ -bounded perturbations. The results
are shown in Figure 1.
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Figure 1: Accuracy of different classifiers against `∞ adversaries with various values of ε and spatial
transformations. For each value of ε, we perform PGD to find the most adversarial `∞ bounded
perturbations (`∞ plot). Additionally, we combine PGD with random rotations and translations and
with a grid search over rotations and translations in order to find the transformation that combines
with PGD in the most adversarial way.
On the `∞ -based trained network, `∞ -bounded perturbations cause a 2.1% drop in accuracy, while
random translations and rotations drop of 20%. However when combined, these attacks cause a
drop of 40% which is disproportionately high. For models A and B (trained with data augmentation),
random translations and rotations do not cause a significant drop in accuracy `∞ -bounded adversary.
Again, when combined with an ε = 0.05 `∞ -bounded attack, they cause an additional 20% of the
test set to be classified incorrectly.

4

R ELATED W ORK

Recently, [1] and [18] observed independently that it is possible to use spatial transformations to
construct adversarial examples for naturally and adversarially trained models. The main difference
to our work is that we show that very simple transformations (translations and rotations) are already
sufficient to break a variety of classifiers, while [1] and [18] needed additional transformations.

5

C ONCLUSIONS

We examined the effectiveness of adversarial translations and rotations on naturally trained networks and on networks that were trained against an `∞ -bounded adversary. We conclude that these
transformations alone can completely fool such networks, providing evidence that training against
`∞ -bounded adversaries is not sufficient to ensure correct classification of examples derived from
benign transformations of natural inputs. Additionally, we observe that augmenting the dataset with
random translations and rotations provides a significant boost in the classification performance, but
does not yield full robustness. Finally, we demonstrate that rotations and translations can significantly amplify the power of an `∞ -bounded adversary. Overall, our findings suggest that rotation
and translation transformations need to be incorporated into the design of robust image classifiers.
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A

O MITTED F IGURES

Figure 2: Successful adversarial examples for the models of Madry et al. using only rotations
and translations. The first column corresponds to the natural (original example), while the next
two columns correspond to the perturbed variant that fools the naturally and adversarially trained
networks respectively.
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Figure 3: Successful adversarial examples for models A and B (trained with random translations/rotations of ±3, ±30 and ±4, ±40 respectively). The examples were generated by translating
the image by at most 3 pixels and rotating it by at most 30 degrees, followed by a change of at most
0.05 to each pixel. The first column corresponds to the natural (original example), while the next
two columns correspond to the perturbed variant that fools model A and B respectively. We plot the
frequency of attack parameters in Figure 4.
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Figure 4: Histograms of the parameters chosen by grid search for the `∞ adversary combined with
translations and rotations attacking Model B (±4, ±40). We observe that while most attacks choose
extremal values this is not the case for every example.
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